Based on the recently considered classical string configurations, in the framework of the semi-classical limit of the string/gauge theory correspondence, we describe a procedure for obtaining exact classical string solutions in general string theory backgrounds, when the string embedding coordinates depend non-linearly on the worldsheet spatial parameter. The tensionless limit, corresponding to small t'Hooft coupling on the field theory side, is also considered. Applying the developed approach, we first reproduce some known results. Then, we find new string solutions -with two spins in AdS 5 black hole background and in AdS 5 × S 5 with two spins and up to nine independent conserved R-charges.
Introduction
The article [1] on the semi-classical limit of the string/gauge theory duality initiated an interest in the investigation of the connection between the classical string solutions, their semi-classical quantization and the string/field theory correspondence [2] - [27] 1 . Most of the papers consider different string configurations in type IIB AdS 5 × S 5 background. However, the string dynamics has been investigated in other string theory backgrounds, known to have field theory dual descriptions in different dimensions, with different number of (or without) supersymmetries, conformal or non-conformal.
For establishing the correspondence between the semi-classically quantized string solutions and the appropriate objects in the dual field theory, it is essential for one to know the explicit expressions for the conserved quantities like energy, angular momentum, etc., on the string theory side. Their existence is connected with the symmetries of the corresponding supergravity backgrounds. The analysis of the connection between the ansatzes, used to obtain exact string solutions, and the background symmetries shows that the string embeddings can be divided into the following four types [31] : Here, the string embedding coordinates X M (τ, σ), (M = 0, 1, . . . , D − 1), are represented as X M = (X µ , X a ). X µ (τ, σ) correspond to the space-time coordinates x µ , on which the background fields do not depend. This means that there exist n µ commuting Killing vectors ∂/∂x µ , where n µ is the number of the coordinates x µ . All the ansatzes used in [1] - [27] for the string embedding, are particular cases of (1.1) -(1.4), except those in [16, 27] 2 . In [6, 9, 14, 22] there are of type (1.1), in [1] and [7] -of type (1.2) . In [1] - [5] , [7] , [8] , [10] , [11] , [14] - [20] , [23] - [26] , ansatzes of type (1.3) are considered. Solutions, based on the ansatzes of type (1.4) , are obtained in [12] - [14] , [21] .
The aim of this article is to describe a procedure for obtaining the exact classical string solutions in general string theory backgrounds, based on the ansatzes (1.3) and (1.4) 3 . We will use more general worldsheet gauge than the conformal one, in order to be able to discuss the tensionless limit T → 0, corresponding to small t'Hooft coupling λ → 0 on the field theory side.
Let us also note that in (1.1)-(1.4), we have separated the cases Y µ = 0 and Y µ = 0, Z µ = 0 and Z µ = 0, because the types of the string solutions in these cases are essentially different, as we will see later on.
The paper is organized as follows. In Sec.2 and Sec.3, we describe the string dynamics and give the corresponding exact solutions of the equations of motion and constraints, based on the ansatzes (1.3) and (1.4) respectively. Sec.4 is devoted to some applications of the derived general results. In Sec. 5, we conclude with several remarks.
Exact string solutions
In our further considerations, we will explore the Polyakov type action for the bosonic string in a D-dimensional curved space-time with metric tensor g M N (x), interacting with a background 2-form gauge field b M N (x) via Wess-Zumino term 2 See section 5. 3 The corresponding results, based on the ansatzes (1.1) and (1.2), can be found in [31] .
are the fields induced on the string worldsheet, γ is the determinant of the auxiliary worldsheet metric γ mn , and γ mn is its inverse. The position of the string in the background space-time is given by x M = X M (ξ m ), and T = 1/2πα ′ , Q are the string tension and charge, respectively. If we consider the action (2.1) as a bosonic part of a supersymmetric one, we have to put Q = ±T . In what follows, Q = T .
The equations of motion for X M following from (2.1) are:
are the components of the symmetric connection corresponding to the metric g M N , and the field strength of the gauge field b M N respectively. The constraints are obtained by varying the action (2.1) with respect to γ mn :
Now, our task is to find exact solutions of the nonlinear differential equations (2.2) and (2.3). Let us first consider the constraints (2.3). We have three constraints in (2.3), but only two of them are independent. To extract the independent ones, we rewrite the three constraints as follows:
Inserting G 11 from (2.6) into (2.4) and (2.5), one obtains that both of them are satisfied, when the equality
holds. To simplify the constraint (2.6), we put (2.7) in it, which results in
Thus, our independent constraints, with which we will work from now on, are given by (2.7) and (2.8). Now let us turn to the equations of motion (2.2). We will use the gauge γ mn = constants, in which they simplify to
In particular, γ mn = η mn = diag(−1, 1) correspond to the commonly used conformal gauge.
Solving the equations of motion and constraints
In solving the equations of motion and constraints, we will use string embedding that exploits the symmetries of the background. Namely, our ansatz for the string coordinates X M (τ, σ) = (X µ , X a ) in this section is given by (1.3), and x µ are the target space-time coordinates, on which the background fields do not depend:
(2.10)
Taking into account the ansatz (1.3) and under the conditions (2.10), one obtains the following reduced Lagrangian density, arising from the action (2.1) (the prime is used for d/dσ)
where the fields induced on the string worldsheet are given by
The constraints (2.8) and (2.7) respectively, and the equations of motion for X M (2.9), can be written as
Let us write down the conserved quantities. By definition, the generalized momenta are
For our ansatz (1.3) , they take the form:
The Lagrangian (2.11) does not depend on the coordinates X µ . Therefore, the conjugated momenta P µ do not depend on the proper time τ
In order for our ansatz (1.3), (2.10) to be consistent with the action (2.1), the following conditions must be fulfilled
where
This is because the equations of motion (2.2) can be rewritten as
Hence, for the ansatz (1.3), (2.10), and for M = µ, these equations take the form (2.17). Let us show this explicitly. In accordance with (2.10), the computation of Γ λ,M N and
Inserting these expressions in the part of the differential equations (2.15) corresponding to L = λ, and using the equalities g
do not depend on σ. Actually, they do not depend on τ too. Comparing (2.19) with (2.18), we see that they are connected with the constants of the motion P µ as
From (2.14) and (2.20) , one obtains the following compatibility condition
This equality may be interpreted as a solution of the constraint (2.14), which restricts the number of the independent parameters in the theory 5 . With the help of (2.20) , the other constraint, (2.13), can be rewritten in the form 22) where U is given by
Now, let us turn to the equations of motion (2.15), corresponding to L = a. In view of the conditions (2.10),
By using this, one obtains
In (2.24), an effective scalar potential U and an effective 1-form gauge field A a appeared. U is given in (2.23) (and is the same as in the effective constraint (2.22)), and
Now our task is to find exact solutions of the nonlinear differential equations (2.22) and (2.24) . How exactly this can be done is explained in Appendix A. Here, we give the final results only.
If the background seen by the string depends on only one coordinate x a , the general solution for the string embedding coordinate
When the background felt by the string depends on more than one coordinate x a , the first integrals of the equations of motion for Z a (σ) = (Z r , Z α ), which also solve the constraint (2.22), are
and in diagonal worldsheet gauge (γ 01 = 0), the constraint (2.14) and the condition (2.21) are identically satisfied. All classical string configurations belonging to the type (1.3), and the corresponding string theory backgrounds considered in [1] - [5] , [7] , [8] , [10] , [11] , [14] - [20] , [23] - [26] , are particular cases of this particular case.
where Z r is one of the coordinates Z a , Z α are the remaining ones, n α is the number of Z α , and D α , F a are arbitrary functions of their arguments. The above expressions are valid, if the g ab part of the metric is diagonal one, and the following integrability conditions hold
The tensionless limit
The results obtained till now are not applicable to tensionless (null) strings, because the action (2.1) is proportional to the string tension T . The parameterization of the auxiliary worldsheet metric γ mn , which is appropriate for considering the zero tension limit T → 0, is the following [32, 33] :
Now, the action (2.1) becomes
Here, λ n are the Lagrange multipliers, whose equations of motion generate the independent constraints.
In these notations, the constraints (2.13) and (2.14), the equations of motion (2.15), and the conserved quantities (2.16), (2.20) take the form
The reduced equations of motion and constraint (2.24) and (2.22) have the same form, but now, the effective potential (2.23) and the effective gauge field (2.25) are given by
If one sets λ 1 = 0 and 2λ 0 T = 1, this will correspond to conformal gauge, as it should be. If one puts T = 0 in the above formulas, they will describe tensionless strings.
Exact solutions for more general string embedding
In this section, we will use the ansatz (1.4) for the string coordinates, which corresponds to more general string embedding. Here, compared with (1.3), X µ are allowed to vary non-linearly with the worldsheet spatial parameter σ. Of course, the conditions (2.10) on the background fields are also fulfilled.
Taking into account the ansatz (1.4), one obtains that the induced fields G mn and B mn , the Lagrangian density, the constraints (2.8) and (2.7) respectively, and the EulerLagrange equations for X M (2.9) are given by
The quantities P L , P L can be found as before, and now they are
The compatibility condition following from the constraint (3.3) and from (3.6) coincides with the previous one (2.21). As in the previous section, the equations (3.4) for L = λ lead to ∂ 1 P λ = 0. Consequently, our next task is to consider the equations (3.4) for L = a and the constraint (3.2). First of all, we will eliminate the variables Z ′µ from them. To this end, we express Z ′µ through Z ′a by using (3.6):
With the help of (3.7) and (2.21), the equations (3.4) for L = a and the constraint (3.2) acquire the form
where a new, effective metric appeared
Γ h a,bc is the symmetric connection corresponding to this metric
The effective scalar and gauge potentials, expressed through the background fields, are as follows
We point out the qualitatively different behavior of the potentials U h and A h a , compared to U and A a from the previous section, due to the appearance of the inverse metric (g −1 ) µν in the above expressions. Since the equations (2.24), (2.22) and (3.8), (3.9) have the same form, for obtaining exact string solutions, we can proceed as before and use the derived formulas after the
In particular, the solution depending on one of the coordinates X a will be
In this case by integrating (3.7), and replacing the solution for Z µ in the ansatz (1.4), one obtains solution for the string coordinates X µ of the type X µ (τ, X a ):
To write down a solution of the type X µ (τ, σ), one have to invert the solution (3.10):
Let us also give the expression for P µ after the elimination of Z ′µ from (3.5)
These equalities connect the conserved momenta P µ with the constants of the motion P µ .
To be able to take the tensionless limit T → 0 in the above formulas, we must use the λ-parameterization (2.26) of γ mn . The quantities, which depend on this parameterization, and appear in the reduced equations of motion and constraint (3.8), (3.9), and therefore -in the solutions, are U h and A h a . Now, they read
If one sets λ 1 = 0 and 2λ 0 T = 1, the conformal gauge results are obtained. If one puts T = 0 in the above equalities, they will correspond to tensionless strings. For instance, the solution X µ (τ, X a ) reduces to
Examples
In the previous two sections, we described a general approach for solving the string equations of motion and constraints in the background fields g M N (x) and b M N (x), based on the ansatzes (1.3) and (1.4). In this section, as an illustration of the previously obtained generic results, we will establish the correspondence with the particular cases considered in [1] -in the framework of the linear ansatz (1.3), and in [13] -in the framework of the nonlinear ansatz (1.4). After that, we will find new exact string solutions in AdS 5 black hole and in AdS 5 × S 5 backgrounds.
Comparing with known solutions
In [1] , the string theory background is AdS 5 × S 5 , with field theory dual N = 4 SU(N) SY M in four dimensional flat space-time. The metric of the AdS 5 is taken in global coordinates, so that the string energy is identified with the conformal dimension in the dual CFT
As our first example, we will consider one of the classical string configurations analyzed in [1] . Namely, we will consider a closed spinning string in AdS 5 given by the following ansatz t = eτ, ρ = ρ(σ), φ = eωτ, e, ω = constants.
(4.1)
Therefore, the background seen by the string is
This metric does not depend on x 0 = t and x 2 = φ, i.e. X µ = X 0,2 and X a = X 1 = ρ(σ) in our notation. Comparing the ansatzes (1.3) and (4.1), one sees that the latter is particular case of the former, corresponding to
The conserved momenta P µ , obtained from (2.16), are
So, the energy and the spin are given by
In diagonal worldsheet gauge, γ 01 = 0, the first integrals (2.20) are identically zero: P µ ≡ 0, µ = 0, 2. In this gauge, the constraint (2.14) and the compatibility condition (2.21) are also identically satisfied. Thus, it remains to solve the equations of motion (2.24) and the constraint (2.22). The background (4.2) depends on only one coordinate x 1 = ρ. We know from our considerations in Appendix A that in this case, the effective constraint (2.22) is first integral of the equation (2.24). It reads
It follows from here that
By integrating this equality, one obtains the string solution σ(ρ), given in the general case by (A.4).
In conformal gauge, (4.3), (4.4), (4.5) and (4.6) reduce to the corresponding formulas derived in [1] . In the tensionless limit, after using the λ-parameterization (2.26) of γ mn , (4.3), (4.4) and (4.6) take the form
In [13] , the string theory background is AdS 3 × S 3 × M, with NS-NS 2-form gauge field. In accordance with the AdS/CF T duality, the string theory on AdS 3 × S 3 × M is dual to a superconformal field theory on a cylinder, which is the boundary of AdS 3 in global coordinates. In such coordinates, the NS-NS AdS 3 background can be written as
As our second example, we will consider the first of the two classical string configurations discussed in [13] t = c 1 τ +t(σ), r = r(σ), φ = c 2 τ +φ(σ).
(4.8)
The above background does not depend on x 0 = t and x 2 = φ. Therefore, µ = (0, 2), a = 1, and comparing (4.8) with (1.4), one obtains
The action (2.1) for this string embedding, in worldsheet gauge γ mn = constants, is
The explicit expressions for the conserved momenta P µ can be obtained from (3.5). By using them, one is able to compute the string energy and spin:
As we know from Sec.3, the quantities P µ , given in (3.6), are first integrals for this part of the equations of motion (3.4), which correspond to L = µ. For the case under consideration, (3.6) leads to the following expressions for P µ :
The above equalities are first order ordinary differential equations fort(σ) andφ(σ), which rewritten in normal form read
The equations (4.12) can be solved, if the function r = r(σ) is already known. Before explaining how to find it, let us consider the compatibility condition (2.21), which is the same for both ansatzes -(1.3) and (1.4). In our case, it gives
from where one can eliminate one of the free parameters in the theory. From now on, we will use that c 2 = c 1 k 1 /k 2 . Now, we are going to solve the equations of motion (3.8) and the constraint (3.9). The background fields in (4.7) depend on only one coordinate x 1 = r. Therefore, as we already know, the effective constraint (3.9) is first integral of the equation of motion (3.8) for this coordinate.Thus, we have to only solve the constraint (3.9), which in the case under consideration reads
To find solution of this equation, we apply our general formula (3.10) and obtain (σ 0 = 0):
By inverting this solution, one receives
Now, we can write down the solutions X µ = X µ (τ, r) for the remaining string coordinates, by using (3.11):
Let us also give the connection between the conserved momenta P µ and the constants of the motion P µ following from (3.13):
By integrating these equalities, one obtains the following expressions for the string energy (4.10) and spin (4.11)
In the particular case of conformal gauge, (4.9) -(4.17) reproduce the corresponding results derived in [13] . To write down the solutions for X µ as functions of τ and σ (instead of τ and r), as given in [13] , it is enough for one to replace (4.15) into (3.12).
In the tensionless limit T → 0, after using the λ-parameterization (2.26) of γ mn , one obtains the following exact string solutions
Obtaining new solutions
Let us give an example, which is not discussed in the literature yet.
To compare with what is known, let us recall that in [4] , the string dynamics is considered in the background of AdS 5 black hole, with field theory dual finite temperature N = 4 SY M. The background metric is taken to be
. The classical string configuration, investigated in [4] in this gravitational field, is given by the ansatz
The background felt by the string for this embedding is
and it depends on x 1 = r only. Therefore, µ = (0, 2), a = 1 in our notation. (4.19) is particular case of (1.3), corresponding to
Now, we are going to find new exact string solution, based on the ansatz (1.4), which corresponds to more general string embedding than (1.3). Moreover, none of the coordinates in (4.18) will be kept fixed. As far as the string background (4.18) depends on x 1 = r and x 2 = θ, µ = (0, 3, 4), a = (1, 2) in our notation. In this case, the ansatz (1.4) reduces to (we take Λ
The explicit expressions for the conserved momenta P µ can be found from (3.5). By using them, one receives:
The first integrals P µ for this part of the equations of motion (3.4), which correspond to L = µ, are given by (3.6). Now, they simplify to:
The connection between the conserved momenta P µ and the constants of the motion P µ following from (3.13), allows one to exclude Z ′µ from (4.21) and to rewrite E, S 1 and S 2 as follows
It is easy to check, that the above three quantities are constrained by the equality:
.
Let us now consider the compatibility condition (2.21). In the case at hand, it gives
From now on, we will use this expression for Λ 4 0 , thus ensuring that the constraint (3.3) is identically satisfied.
Our next goal is to solve the equations of motion (3.8) and the constraint (3.9). As explained in Sec.3, these equations have the same form as (2.24) and (2.22). Thus, for obtaining exact string solutions in the framework of the ansatz (1.4), we can use the formulas derived in Appendix A, after the replacements (g, Γ, U, A) → (h, Γ h , U h , A h ). Since the background metric (4.18) is diagonal one and b M N = 0,
So, we only need to replace U → U h and A → A h = 0 in (A.5) and (A.6). As far as the diagonal background in (4.18) depends on two coordinates, we can use the general expressions (A.11) and (A.13) for the first integrals of the equations (A.8), (A.9), which also solve the constraint (A.6), if the derived sufficient conditions (A.7), (A.10) and (A.12) are satisfied. Let us check this. The condition (A.7) does not appear, because in our case the effective gauge potential A h is identically zero. The first of the conditions (A.10) is satisfied, because it takes the form ∂ ∂θ
Consequently, it remains to satisfy the second of the conditions (A.10) and the condition (A.12). In the case at hand, they require, the right hand sides of (A.11) and (A.13) to depend only on Z 2 = θ and Z 1 = r respectively. To see if this is true, let us write down the first integrals (A.13) and (A.11) explicitly
It is evident that the r.h.s. of the equation for r ′ is a function only on r, while the r.h.s. of the equation for θ ′ is not a function only on θ. However, we have enough freedom to satisfy this last condition. To this end, we choose the arbitrary parameter Λ 3 0 and the arbitrary function D 2 (r) to be given by
where c is arbitrary constant. After this choice, the first integral of the equation of motion for the string coordinate θ(σ) takes the form
In this way, all conditions are satisfied, and we can start solving the equations (4.23) and (4.25) . The general solution of (4.23) is given by
If we can obtain r(σ) from here, the general solution of (4.25) will be dθ
Anyway, we can always find the orbit r = r(θ) from (4.23) and (4.25), and it is defined by the equality
To find the general solution for the remaining string coordinates X µ , we have to integrate the equations (3.7), which in our case simplify to 27) and then replace the received Z µ into the initial ansatz (4.20) . The same result may be obtained directly from (3.12) for solutions of the type X µ (τ, σ). Written explicitly, they are:
It is easy to take conformal gauge or the tensionless limit T → 0 in the above solutions, and we will not consider these cases separately here. As a final example, let us obtain a family of new string solutions in AdS 5 × S 5 background with two spins and up to nine independent conserved R-charges. We take the line elements in AdS 5 and on S 5 to be given by . Now, consider the following string embedding of type (1.3) (the angular coordinates θ and γ are kept fixed to π/4)
1 σ, µ = (0, 2, 3, 5, 6, 7), a = (1, 4) . .
It does not depend on x 0 = t, x 2 = φ, x 3 = ϕ, x 5 = ϕ 1 , x 6 = ϕ 2 , x 7 = ϕ 3 , so the Lagrangian density (2.11) does not depend on X µ (τ, σ), µ = (0, 2, 3, 5, 6, 7). Consequently, the corresponding generalized momenta (2.16) are conserved
29)
In addition, there exist the constants of the motion (2.20), which must satisfy the condition (2.21). In our case, we may choose for instance
to ensure that the constraint (2.14) is identically fulfilled. The first integrals (A.13), (A.11), of the equations of motion for ρ(σ) and ψ(σ), which also solve the constraint (A.6), read
Here, the arbitrary function D 4 (ρ) has been chosen to be given by
in order the integrability condition (A.12) to be satisfied 7 . The general solutions of the differential equations (4.30) and (4.31), for the string coordinates ρ(σ) and ψ(σ), are
From (4.30) and (4.31), one can also find the orbit ρ = ρ(ψ)
2 dρ
Now, let us show that for the string solution obtained above, there exist other nontrivial conserved angular momenta on S 5 (R-charges), besides p 5 = J 1 , p 6 = J 2 and p 7 = J 3 . To this aim, following [24] , we introduce new embedding coordinates on S 5 , working in conformal gauge
In terms of these coordinates, the generators of the S 5 isometry group O(6) are (∂ 0 = ∂/∂τ )
and they must be conserved in time: ∂ 0 J AB = 0.
For our ansatz (4.28), the coordinates W A acquire the form
By using these expressions for W A , it is easy to check that J 12 , J 34 and J 56 coincide with the conserved momenta (4.29), taken in conformal gauge
The conservation conditions ∂ 0 J AB = 0, applied to the remaining angular momenta J AB , constrain the parameters Λ Of course, one can use different approach to simplify the problem of solving the nonlinear string equations of motion in variable external fields [16, 27] . The two ansatzes used in [16] , which do not belong to the types (1.1) -(1.4), are the following
The backgrounds do not depend on (t, φ) and on (t, ϕ) respectively. The three ansatzes, used in [27] , are
The corresponding background metrics seen by the string do not depend on (t, φ, ψ) in the first two cases and on (t, φ,φ, ψ) in the third one. Therefore, all the ansatzes used in the literature, are particular cases of the following string embedding
Let us also mention that the ansatz of the type X(τ, σ) = Y (τ )Z(σ), used in [24] , is equivalent to (1.3) with Λ µ 1 = 0, after change of the embedding coordinates 8 . Our task in this paper was to find as more general string solutions as we can. That is why, we do not consider the different periodicity and normalization conditions, which arise for particular string configurations. However, once the general solution is found, they can be always implemented.
where we have used that
After multiplying with 2g aa Z ′a and after using the constraint (A.2), the Eq. (A.1) reduces to
The solution of (A. where σ 0 and X a 0 are arbitrary constants. Let us turn to the more complicated case, when the background fields depend on more than one coordinate X a (τ, σ) = Z a (σ). We would like to apply the same procedure for solving the system of differential equations (2.24), (2.22) , as in the simplest case just considered. To be able to do this, we need to suppose that the metric g ab is a diagonal one. Then one can rewrite the effective equations of motion (2.24) and the effective constraint (2.22) To find solutions of the above equations without choosing particular background, we can fix all coordinates X a except one. Then the exact string solution is given again by the same expression (A.4) for σ (X a ). To find solutions depending on more than one coordinate, we must impose further conditions on the background fields. Let us show, how a number of sufficient conditions, which allow us to reduce the order of the equations of motion by one, can be obtained.
First of all, we split the index a in such a way that Z r is one of the coordinates Z a , and Z α are the others. Then we assume that the effective 1-form gauge field A a can be represented in the form A a ≡ (A r , A α ) = (A r , ∂ α f ), (A.7)
i.e., it is oriented along the coordinate Z r , and the remaining components A α are pure gauges. Now, the Eqs. (A. 5 where D α , F α are arbitrary functions of their arguments.
9
To integrate the Eq. (A.9), we impose the condition where F r is again an arbitrary function. Thus, we succeeded to separate the variables Z ′a and to obtain the first integrals (A.11), (A.13) for the equations of motion (A.5), when the conditions (A.7), (A.10), 9 F α = F α Z β follows from (A.12).
(A.12) on the background fields are fulfilled. Further progress is possible, when working with particular background configurations, allowing for separation of the variables in (A.11) and (A.13). Let us finally point out that (A.7), (A.10) and (A.12) are just an example of possible integrability conditions, which are fulfilled in many cases, but in many others -they are not.
